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Abstract

If the two invariants of an arbitrary non-static electromagnetic vacuum field are finite
at the Schwarzschild radius r = M, the field behaves at r = M, either as a purely ingoing
or as a purely outgoing wave.

1. Statement of the Problem

It is usuvally said that a light ray (or photon) can pass from the exterior
world into the Schwarzschild singularity, but can never escape from a
black hole. The aim of this paper is to ask the full set of Maxwell equations,
and not only geometrical optics, what they say about this problem. To get
a clear answer we have to impose a regularity condition: In agreement
with the fact that the invariants of the gravitational field, e.g. (~g)*/? and
scalar curvature R, are finite at r = M, we admit Maxwell fields with finite
invariants only. The technique used in this paper is that of Debye potentials.

2. Debye Potentials
The Schwarzschild metric
d5? = — _r_ i dr? + r¥(d9? + sin? 9 dp?) — ___r: 1 dr? 2.1

is conformally equivalent to
3
ds? = r{#(dsz +sin23do?d) +dv* —dr?, v=r+In(r—1) (2.2)

To get these and the subsequent formulas in the usual units one has to
replace ¥ by r/M, v by v/ M and, later on, @ by /M.
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By means of Debye potentials (Stephani, 1973) it is possible to get the
four-potential 4, of an arbitrary non-static electromagnetic field by
solving the Debye equation

r—1F 1 @ . _o=x 1 %n1 o*zn &*=xn
for w and ¢ and inserting them into
Aa= (0 00— V") + 7 v, 1y (2.4)

v*=(0,0,1,0), u*=(0,0,0,1)

Formula (2.4) holds in the metric (2.2). Metric and electromagnetic fields
of the two spaces (2.1) and (2.2) are related by

., r—1
dS2=‘-—'r—dS2, FﬁE:’Fab:Ab,a—"Aa,b

2 (2.5)
A=A Fib — oo~
a as (r . 1)2
3. Behaviour of Debye Potentials at r = 1
The general solution of the Debye equation may be written as
m= [ do 3 Au(@) Y,"(3, ¢) Ryfr) e 3.1
n,m

where A,,,(®w) are arbitrary functions of w, ¥,"(9,¢) are the usual surface
harmonics and R, is a solution of the differential equation

dZR,,+ 1 dR, w?*r?  n(n+1)
a2 r(—-1Ddr " |r-12 r@F-1
investigated by Whittaker (1927).

The point ¥ = 1 is a regular singular point (Ince, 1956) of equation (3.2).
The ansatz

]Rn =0 (3.2)

0

R,=(r—1F.>c(r—1) (3.3)
v=0
gives the condition
p*=—w? (3.9

which is independent of #. Because of (r — 1)*i® = e*#@n—1 it follows that
the general solution of (3.2) has the structure

R(r)=e" "R, ~(r) + ' R, *(r) 3.5

R, and R, being regular functions at r = 1.
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The main result of this analysis is that the Debye potentials of a non-
static field—4,,,(0) = 0—

n(r, 9, ¢,1) = f [n4(r, %, @, @) e'®* + n(r, 9, @, w)e *le ' dw
o, 9, ¢, 1) = j [6+(r, 9, @, w) e’ + ¢7(r, 3, 9, W) e e~ do>

are finite at » = 1, because =* and ¢* are regular functions of r — 1. Due
to the rapidly oscﬂlatmg factors e*'®” the derivatives of = and ¢ with
respect to r become infinite while approaching r — 1.

(3.6)

4. Condition of Finite Field Invariants

Using the notations

0 on 1 %%z
a;, = a(n) = 20 sin & == 33 + = snddg?’ a,=a(—¢)
P?n PP
by = b(w, p) = —sin Y ——== 5038 g0t by = b(—¢, ) 4.n
2n 8 e

¢ =c(n,¢)=—sinY —= 355 3(p 5 ¢y =c(—¢,m)

the invariants of the electromagnetic field are

- 2
Fo B = = 1)rsm29[ ¢* =~ by + b7’ ’ —azz)]
4.2
- 4 r—1
Fiﬁﬁanz._—————————(r_1)rsin29[clcz'—b1b2—ala2 7'3 :I

In (4.1), (4.2) and (4.3) = and ¢ and therefore a;, . . ., ¢, should be taken
in a real (not complex) representation.
The functions a, and a, are finite at » = 1. So the admitted fields have to
fuifil the condition
(e +1icy)* = (by + iby)? 4.3)
or
¢, = &by, ¢, = &b, e=4l1 4.4

at r = 1. Due to the fact that (4.4) has to be valid for each frequency @ and
that the coefficients of e?®* and e'** have to balance separately, (4.4) is
equivalent to the four equations

ont o¢t
(s+1)(sm98—9—a¢) =0

(8+1)(Sll’l98§9 5 ) 0

i
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(e~ 1)(sm98§9- 887;) 0
(e— 1)(s1n9 il aa‘f; )=0 4.5)

Debye potentials = and ¢, which fuifil the Debye equation (2.3) and are
independent of & and ¢, give no contribution to the fields F,,. So we get
from (4.5) the two possible solutions

nt =0, ¢t =0, e=1 (4.6)
and
=0, ¢~ =0, g=—1 “.7)

5. Discussion

The result of our considerations, given in (4.6), (4.7) and (3.6) is: If we
approach the Schwarzschild radius from outside the black hole, the general
non-static Maxwell field behaves as a purely ingoing wave (s=1) or as a
purely outgoing wave (¢ =—1). A mixture of both types is not admitted.
To avoid confusion it should be stated explicitly that in both cases the field
at infinity is a superposition of in- and outgoing waves.

The existence of the outgoing wave (¢ = —1), i.e. of a black hole emitting
radiation, cannot be excluded by a regularity condition. If we are not
willing to accept it we have to impose additional conditions concerning,
e.g., initial values, cosmological models or sources of the field inside r = 1.

The regular static field has been given by Israel (1968). It is a super-
position of a spherically symmetric vacuum field and the field of arbitrary
sources situated outside r = 1.
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